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ABSTRACT: We propose several quark mass deformations of the holographic model of
massless QCD using the D4/D8/D8-brane configuration proposed by Sakai and Sugimoto.
The deformations are based on introducing additional D4- or D6-branes away from the QCD
D4 branes. The idea is similar to extended technicolor theories, where the chiral symmetry
breaking by additional D-branes is mediated to QCD to induce non-zero quark masses. In
the D-brane picture as well as the holographic dual gravity description, the quark and the
pion masses are generated by novel worldsheet instantons with finite area. We also derive
the Gell-Mann-Oakes-Renner relation, and find the value of the chiral condensate in the
Sakai-Sugimoto model.
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1. Introduction

AdS/CFT correspondence [l has provided us with a new avenue to compute observables
in strongly interacting gauge theories via weakly coupled gravitational descriptions. Even
though the correspondence is still a conjecture, many nontrivial computations have been
performed for the consistency check of the correspondence. One of the most important ap-
plications, and also challenges, would be to analyze real QCD in Nature using the AdS/CFT
correspondence.

Recently, there proposed a holographic model of QCD by Sakai and Sugimoto, where
the non-Abelian chiral symmetry and its spontaneous breaking is geometrically realized
via a D4/D8/D8 configuration [f]. The model predictions for the meson spectrum and the
couplings between them compare well with experiments with a good accuracy. Baryons in
this model were also investigated in [[J]. Moreover, this holographic model has an ability
of predicting possible glue-ball interactions to mesons as studied in [f]. There are many



other QCD observables that have been analyzed in this model, which show that the model
is a good approximation to real QCD at least in low energy, large N -limit.

Despite its success in many aspects, this model has an apparent shortcoming that the
pions are massless. This is because the quarks are massless from the construction. There-
fore one of the important questions is to find a deformation of the theory which corresponds
to introducing bare quark masses. Once we identify the deformation, we should be able
to show that the Gell-Mann-Oakes-Renner (GOR) relation [ is satisfied, from which the
value of the chiral condensate of the Sakai-Sugimoto model can be computed. Pion dynam-
ics would be the most important in holographic QCD because the Sakai-Sugimoto model
approaches real QCD in the low energy limit, thus the identification of the quark mass
deformation in the model is indispensable.

The chiral quarks appear as the lowest massless modes of the open string stretch-
ing between intersecting N. D4-branes and N; D8-branes (or D8-branes) in the model.
Therefore one would naively expect that the quarks become massive if one can realize
the situation where the D8 and D8-branes do not intersect with the D4-branes. Some of
the authors [fj] studied such local deformations near the D4-branes (which do not deform
the asymptotic configuration away from the D4-branes) to realize the pion mass, but the
quarks in that set-up are suggested to be still massless. This is in fact consistent with the
proposed relation [ﬂ] between the classical value of action in the bulk and the partition
function in CFT for the AdS;/CFT, correspondence, since the value of bulk field at the
AdS boundary is related with the strength of coupling, such as the mass, in CFT. There
are attempts to include D8-D8-brane tachyon in the effective action to explicitly break the
chiral symmetry [f§]. However, tachyon action is not reliable as there is no consistent trun-
cation of string theory to the tachyon sector. Furthermore, with the tachyon condensation,
possible relation to the original Sakai-Sugimoto brane configuration is not obvious.

In this work, we propose new deformations of the Sakai-Sugimoto model which corre-
spond to the introduction of the quark mass. Our deformations have additional D-branes
away from the original confining N, D4-branes, which still have a reasonable field theory
interpretation. The original Sakai-Sugimoto model is restored once these additional D-
branes are moved to spatial infinity in the bulk. In the field theory view-point, our idea
is rather similar to the technicolor model [fJ], so our construction can be thought of as a
holographic realization of technicolor model. In the minimal technicolor model, we have
an additional sector to the original QCD, which contains new techni-quarks interacting
via new technicolor interactions. The quarks/techni-quarks are massless at UV, but the
chiral symmetry (the electroweak symmetry in this case) is spontaneously broken by a
techni-quark condensate driven by the strong technicolor gauge interactions. To realize
QCD quark mass from this breaking, we need to introduce extended technicolor interac-
tions between quarks and techni-quarks, in addition to the usual weak interactions [[[(]].
This setup is actually close to the holographic dual of extended type technicolor model by
applying the D-brane configuration of Sakai-Sugimoto model in [[L1]. This extended gauge
group can often be realized in GUT type construction, where quarks and techni-quarks
are in a single multiplet, and the GUT gauge symmetry is broken to QCD and technicolor
at some high scale. Through off-diagonal massive gauge bosons, QCD quarks get explicit



bare mass term from the techni-quark condensate. From the view-point of QCD, we have
a realization of explicit chiral symmetry breaking mass for the quarks.

To realize this idea in our set-up, we introduce additional N’ D4-branes (we call them
D4’-branes) which are parallel to, but separated from the original N, D4-branes of QCD
gauge symmetry. The GUT gauge symmetry is SU(N. + N’) when the D4’-branes are on
top of the original D4-branes, and it is broken to SU(N.) x SU(N’) by a Higgs mecha-
nism via separating the D4’ from the D4. Massive off-diagonal gauge bosons appear as
strings suspended between the D4 and the D4’. We add N; D8/D8-branes as in [f] to in-
troduce massless quarks and techni-quarks, which are charged under the chiral symmetry
U(Ny) x U(Ny). By assuming a strong technicolor SU(N’) dynamics on the D4’-branes,
which replaces the D4’-branes with the Witten’s geometry [[[2], the chiral symmetry is spon-
taneously broken by adjoining the D8/D8-branes there, as in the Sakai-Sugimoto model
but with the technicolor instead of the QCD gauge group. This breaking will be mediated
to the QCD sector of the N, D4-branes by, for example, the massive gauge bosons coming
from the open strings stretched between the D4 and the D4’-branes. This induces the bare
masses for the QCD quarks.

From the Feynman graphs that would induce quark masses from a techni-quark con-
densate, we can easily identify the corresponding string worldsheets that mediate this
phenomenon in our D-brane configuration in flat space. We consider a circle following D4-
D8-D4/-D8-branes (see figure []) and a disk worldsheet instanton whose boundary is ending
on this circle. It is responsible for the extended technicolor interactions coupling the quarks
to the techni-quarks. Then we consider the strongly coupled field theory, or equivalently a
weakly coupled gravity description, where we can identify the worldsheet instanton which
has been responsible for the quark mass term, as we will study in section P In the gravity
description, where both D4 and D4’-branes are replaced by a near horizon geometry of a
multi-center gravity solution, we have a closed loop on the surface of the probe D8-branes
only, since the D8- and the D8-branes are smoothly connected at two throats created by
the D4- and the D4’-brane geometry (see figure [). The previous worldsheet instanton in
the weak coupling picture is now ending on this closed loop. The worldsheet instanton is
a leading order contribution to the effective action of the D8-branes, since it is a planar
diagram with a single boundary in the large N gauge theory [[[J). We will show that this
worldsheet instanton amplitude indeed induces the lowest mass perturbation for pions that
is expected in the standard low energy chiral Lagrangian. We will also show that the GOR
relation is satisfied. This will be presented in detail in section [J.

Since the chiral symmetry is broken spontaneously from the viewpoint of the whole
GUT theory (QCD and the technicolor is unified there), there should still exist massless
Goldstone bosons. These modes will be localized around D4’ throat when the techni-quark
condensate scale is much bigger than the QCD scale. In the gravity picture, they would
correspond to the Wilson line associated with a path (on the D8-branes) coming from the
asymptotic boundary to the D4’ throat and again back to the boundary. We have to take a
limit to decouple these Nambu-Goldstone bosons by scaling N/ — oo first and putting D4’-
branes at far UV region from the D4-branes, while keeping finite the mass of pions associ-
ated with the chiral symmetry breaking realized by the N, D4-branes. This limit is difficult



to achieve. In addition, it is cumbersome to obtain the multi-center solutions of D4-branes
explicitly. Furthermore, realizing flavor-dependent quark mass in this set-up is not so easy.

To overcome these difficulties residing in the technicolor model, we then consider in-
troducing N’ D6-branes instead of the D4’-branes, which is free from these difficulties. The
new deformation of the Sakai-Sugimoto model, the introduction of the D6-branes, not only
keeps the essential idea of the previous idea of introducing the N’ D4-branes, but also has
great advantages of computability and unnecessity of taking any subtle limits. Therefore,
we can compute the quark mass as well as the pion mass more rigorously, and consequently
we can estimate the value of the chiral condensate of the Sakai-Sugimoto model via the
GOR relation. We will also see that the numerical values of the quark masses derived from
our formulae, with the pion mass as an input, are around 6 MeV, which happens to be
quite close to the real QCD. Our numerical value of the chiral condensate is close to the
results of lattice QCD. These will be presented in section fJ.

In the next section, we first give the field theoretical interpretation of introducing the
N’ D4-branes and describe the Feynman graphs which induce the quark masses. Then we
study the corresponding string worldsheet instantons both in the D-brane configuration in
flat space and in the holographic dual gravity description, and estimate the quark and the
pion masses. After explaining difficulties of precise computations, in section f we instead
introduce the N’ D6-branes and study the corresponding interpretation in QCD. We carry
out explicit computations of the quark and the pion masses. We show in detail that the
up and down quarks have masses around 6 MeV in our model. It is important to stress
that we can also realize flavor-dependent quark masses with our D6-branes. Since our idea
has a field theoretical interpretation which should be universal among a wide variety of
holographic QCD models, we apply our idea to a holographic model of QCD proposed by
Kruczenski et al. [[4 in section [l. We give a detail about how our idea works in their
model. In section [, we conclude with discussions.

2. Quark mass deformation and worldsheet instantons

In the Sakai-Sugimoto model with N, D4, Ny D8 and Ny D8-branes, QCD gauge bosons
live on the D4-branes and the chiral flavor symmetry U(N¢)r x U(Nf)g is realized as
a gauge symmetry on the Ny D8- and Ny D8-branes. The left (right) handed massless
quarks are localized at the intersection of the D4-branes and the D8- (D8-) branes. In the
holographic dual description, the near horizon geometry of the D4-branes terminates the
spacetime at a certain radius, which naturally explains the QCD confinement. The chiral
symmetry breaking in QCD is nicely realized, as the D8- and the D8-branes are connected
smoothly to each other at the tip of the geometry.

If we introduce additional D4-branes (which we call D4’-branes) which are parallel to
but separated from the original D4-branes, the chiral symmetry is broken also by the D4'-
branes in the holographic dual description. This represents the strong technicolor dynamics
of the D4’-branes. Since there are massive gauge bosons coming from excitations on the
open strings stretching between the D4- and D4’-branes, the effect of the chiral symmetry
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Figure 1: The D-brane configuration

breaking at the D4’-branes is transmitted to the QCD sector on the D4-branes, and the
quark mass terms are resultantly induced. We will pursue this idea in this section.

2.1 Quark mass deformation

We first describe the D-brane configuration and study the low energy theory on the D-
branes. The D-brane configuration which we now consider consists of D4, D8 and D8-branes
(see figure ) and is summarized in the table:

011123456789
N. D4 olo|o
NfDS/D_8 o|lol|lo]o olo|lo|o]|o
N' D4/ o|lo]lo|olo

N, D4-branes are localized at 2% = --- = 2° = 0 and N’ D4-branes are localized at z° # 0
and 2% = ... = 29 = 0. The D8 and D8-branes are localized at 2! = 0 and 2? = §7/2,
where 2% direction is compactified by a supersymmetry breaking S! with the periodicity
x* ~ 2% + 67. The compactification scale determines the scale of this system. This unique
scale in the Sakai-Sugimoto model [B] is Mk = 27/67 ~ 1 GeV.

The N’ D4-branes realize another massless QCD with SU(N’) gauge symmetry as a
low energy effective theory, in addition to the massless QCD with SU(N,) of the Sakai-
Sugimoto model. Thus the massless modes are SU(N,) x SU(N’) gauge bosons and the two
sets of left handed and right handed chiral massless quarks (qr,qr) and (Qr,@Qr) which
are fundamentally charged under SU(N,) and SU(N’) respectively. The massless modes

are summarized in the following table:

SU(N.) SU(N'") U(Ny)r U(Ny)r
Ayl adj.
qr.| U O
dr O O
A, adj.
Q1 O O
Qr a O
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Figure 2: The four-Fermi interaction mediated
by massive gauge bosons W,.

qr Qr

qR Qr

Figure 3: The four-Fermi interaction mediated
by a massive scalar field T'.

Since Qr, (Qgr) come from the open strings stretching between N’ D4 and Ny D8 (D8)-
branes, the flavor symmetry is still U(Nf)r x U(Nf)r. And there are massive modes which
connect (qr,qr) and (Qr,Qr). They are the modes originated from the open strings
stretching between the D4- and the D4’-branes or the D8- and the DS8-branes. The lightest
modes from these two strings are massive gauge bosons W, and complex scalar field T'
whose charges are summarized in the table below:

|SU(N.) SU(N') U(Ny)r, U(Ny)r
w,l O O
T O ]

Their masses are computed from the distance between the D4- and the D4’-branes or the
D8- and the D8-branes.! The quarks have a gauge and Yukawa interaction with W, and T
fields. So there are two Feynman graphs (shown in figure f-g) which generate a four-Fermi
interaction §r,grQrQr~+h.c. mediated by the massive gauge bosons W, or the scalar field T

At low energy, both SU(N,) and SU(N') gauge symmetries become confined and the
chiral symmetry is broken by condensates (7rqr) and (QrQr). By picking up a conden-

!The field T has been referred to as a “tachyon” since it is from a string connecting the D8 and the
D8-branes. However, when those branes are separated as in the present case, it is massive. In the low
energy limit s — 0 on the D4-branes, the mass of T" diverges.
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Figure 4: The quark mass is generated from the condensate (Q7.QRr).

sate (Q1QRr), we observe from the four-Fermi interaction that the quark (qr,qr) becomes
massive m, o (QLQr). See figure []. This mechanism is quite similar to the one inducing
quark masses in extended technicolor theories.

From the low energy effective field theory on the D4- and the D4’-branes in the weak
coupling picture, we can estimate the quark masses m,. The effective theory on the D4D4’-
branes is essentially a five dimensional theory, in which quarks are localized at spatially
separated 4 dimensional surfaces where they intersect with the D8-branes. Thus the cal-
culation involves Kaluza-Klein (KK) reduction along the S'. This kind of calculations
has been done in the context of brane world scenario in [[§] (see appendix [A] for our
relevant calculations). We just mention that the amplitude in figure f| is suppressed by
exp[—7m My /Mxkxk] since the W-boson with the mass My, must propagate from 7 = 0 to
T =07/2 =m/Mxgx.

We can similarly compute the Feynman graph figure [J and obtain the same suppression

exp[—m My /Mkx]: the D8/D8-brane tachyon T with its mass 27r1a, %T propagates horizon-
tally from the D4’ to the D4 by a distance Uy = 2wa’ Myy. In string theory, the string
worldsheet which represents these two graphs is shown to be identical. An st-channel du-
ality on the string worldsheet is manifested in these two Feynman graphs. In fact, as we
will see, estimation of this suppression factor is easier, if we study the corresponding string

worldsheets.

2.2 Worldsheet instanton

The string worldsheets which correspond to the Feynman graphs in figure ] and figure [
can be easily identified. The chiral quarks are localized on the intersections of D-branes of
different kinds (i.e. the D4-branes and the D8-branes), and open strings stretching between
D-branes of the same species (i.e. between the D4- and the D4’-branes and between the
D8-branes) induce the massive gauge bosons or the scalar field. In addition, the Feynman
graphs in figure fl-f] are tree graphs, so we find that the topology of the corresponding string
worldsheets is disk, and the boundary of the worldsheet is on a closed loop surrounded by
D4-D8-D4/-D8 branes. See figure [ in which the worldsheet is shown by a shaded region.
The worldsheet boundary has four boundary twist vertex operators at the corners which are



Figure 5: The shaded region denotes a world-
sheet instanton. A dotted line is a closed loop
surrounded by the D4-D8-D4’-D8 branes.
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Figure 6: The shaded region denotes a world-
sheet instanton. The throat is developed at the
location of D4’-branes in the geometry.

the intersections of the D-branes. Since these worldsheets are localized in time direction,

they are worldsheet instantons.?

The quark masses are induced by the chiral condensate (QQr) realized by strongly
interacting SU(N’) gauge dynamics. This dynamics can be captured from a weakly cou-
pled holographic dual description by replacing the D4’-branes by the near horizon geometry.
(Note that the D4-branes are still probes in order for the SU(V,) sector to be in a weak cou-
pling regime.) The geometry is given by Witten [[3] in which the spacetime is terminated
at the region centered at the D4’-branes. This forces the D8 and the D8-branes to con-
nect with each other smoothly, which is a realization of the spontaneous chiral symmetry
breaking.

In this geometry, the worldsheet instanton which we evaluate is shown in figure .
The boundary of the worldsheet is on the D4- and the D8-branes with two twist vertex
operators corresponding to the quarks. We can show that the quarks become massive due

2When we have N ¢t > 1 number of D8 and D8-branes, we have other worldsheets ending on, for example,
D4(®-D8-D4’)-D8 branes. These worldsheets do not give rise to the quark masses (and the pion masses),
because the boundary needs vertex operators which changes the Cartan charges of the flavor group. See
section @ for detailed discussions.



to the instanton amplitude evaluated in a saddle point approximation?

Sinstanton = ¢ [ d*z tr qrqr exp[—Sna] + h.c.. (2.1)

Here the trace is taken over the flavor U(Ny) indices and Sng is the classical value of
the Nambu-Goto action. The Hermitian conjugate comes from the oppositely oriented
worldsheets, and c is a constant factor. We have to evaluate Syg in the curved geometry
of [[12] which is

U 3/2 R/ 3/2 dU2
ds® = (ﬁ) (dzf + f(U)dr?) + <ﬁ> (f(U) + U%QZ), (2.2)
AN 2N’ U
¢ =a(g)  m=Tra fo)=1- T 23)
1
30’2
R® = ng;,N'®, Mgy = 2;;, (2.4)

where U > U is the radial direction transverse to the D4’-branes, gs is the string coupling,
l; =V is the string length, V4 and ¢4 are the volume and line element of Sy.

Let the probe N, D4-brane be placed at U = Uy. Since the minimal size worldsheet
instanton extends along U and 7 directions, we have

1
2ma!

o1/2 Uy Un — U/ M
dr / AU /grrgoy = —— KK _ 77W 2.5
/0 - Yrrguu 20/ Mk Mxk (25)

Sna =

in the approximation Uy > Uy, where Myy is the mass of the massive gauge boson W),
computed as My = Uy/(2wa’). We finally obtain

7TMW:|

(2.6)

Mg = cexp [— Mk

In appendix A, we evaluate the four-Fermi interaction in field theory perturbation and

obtain the same suppression factor. This fact supports our identification of the worldsheet

instantons.*

3The worldsheet instanton amplitude (a) is similar to what is popularly used in string phenomenology
(see for example [E]) In D-brane construction of the standard model in string theory, one puts various
D-branes intersecting with each other in higher dimensional compact space. Then the standard model fields
appear on the intersections. To compute Yukawa couplings of those fields, worldsheet instantons are used.
The magnitude of the Yukawa coupling is proportional to exp[—Snc] where Sng is a classical part of the
Nambu-Goto action for the Euclidean worldsheet spanning the triangle made of the intersections relevant
for the fields composing the Yukawa interaction. We apply here the same idea to the worldsheet shown in
figure E Since we have two intersections, we insert string vertex operators on those intersections, which
become the quark mass term.

“However, note that the field theory calculation in appendix A is based on a tree graph in a field theory
perturbation and so it is valid only for small coupling constant for both the QCD gauge group and the
technicolor gauge group. Here in this subsection to derive (@), the D4’ technicolor sector is strongly
coupled, therefore we needed to compute the quark mass term by using the AdS/CFT correspondence at
the technicolor sector. So, the quark mass (@) obtained in the field theory perturbation in appendix A is
not equal to (E) The calculations presented in appendix A are just for an illustration at weak coupling
in the technicolor sector. Note that the gauge coupling at the QCD sector is still weak in both cases.



o
~ 04’ > 4
~ . . R4
AN 3 4
\) LY £

Figure 7: The shaded region denotes a worldsheet instanton. The two throats are developed at
the location of D4 and D4’-branes.

The constant factor ¢ in (R.6) depends on the string length, the string coupling and
in particular the chiral condensate (QQRg), so it is an important coefficient. However it
is difficult to compute c in the curved geometry, so we do not elaborate on the evaluation
of c¢. This leads us to the study of introducing D6-branes instead of the D4’-branes in the
next section. There, with a different configuration of D-branes, we can compute the quark
mass in a more definite manner.

2.3 Pion mass

We found that the quark becomes massive due to the chiral symmetry breaking caused by
the N/ D4-branes. Thus we should be able to see that the pions become massive and the
mass should satisfy the GOR relation.

In the low energy limit, both SU(N,) and SU(N’) become strongly coupled. There,
by the AdS/CFT correspondence, a holographic dual description gives a weakly coupled
description in terms of gauge invariant operators, i.e. mesons. For obtaining the gravity
dual, we need a multi-center solution of the D4-branes and its near horizon geometry,
because now we have the D4’-branes in addition. However, any explicit metric for it is
not known. Thus in this subsection we give only a qualitative discussion on how the pions
become massive in the holographic dual description. In the next section we study another
model in which quantitative calculations are possible.

The geometry of the two-center solution has two “throats” at the location of the D4-
and the D4’-branes respectively. See figure []. The geometry should be obtained by gluing
two metrics (2.9). Thus we again have the worldsheet instantons denoted by the shaded
region in the same figure. The amplitude of this worldsheet instantons is given by

gs

1
Sinstanton O< /d%—Ptr exp [—SNG + i}{dzAz] +h.c., (2.7)

where we have included a standard worldsheet boundary coupling to A,, and z parameter-
izes the boundary of the worldsheet instanton. The factor 1/g, is introduced because the
worldsheet is a disk. Since the pion wave function is localized at the D4 throat [B], we have

Ptrexp [z }[ dzAz] e U, U = exp[2in(z)/fa], (2.8)

— 10 —



Figure 8: The Feynman diagrams responsible for quark masses can be written in the double-line
notation, which shows that the flavor line (dashed lines) form a closed single loop. Solid lines are
for the color indices.

after substituting into A, the pion wave function. Then we obtain

Sinstanton = M2 f2tr(U +UT), m?2 x 1 exp [—Sna) o< my (2.9)
S
because the exponential factor exp[—Sng] is roughly equal to that of the quark mass. We
find that the GOR relation is naturally derived. From the AdS/CFT, we find here that,
in the pion chiral Lagrangian, the quark mass perturbation gives an additional term (P.9).
This (.9) turns out to be the well-known standard pion mass term in chiral perturbation
theory.

Before closing this section, we give some interesting observations. The holographic
description is reliable in the large N, (and N’) and large 't Hooft coupling, and a genus
zero string worldsheet corresponds to a planar diagram in a large N QCD, a la 't Hooft.
The Feynman graphs using the double-line notation in a large N QCD is shown in figure §.
It is clear from this that these Feynman diagrams are included in a planar diagram with a
single boundary. On the other hand, the worldsheet instanton is a disk amplitude which is
nothing but a planar diagram with a single boundary. This argument presents a consistency
for our identification of the four-Fermi Feynman graphs with the worldsheet instantons.

The worldsheet instanton does not contribute to the Dirac-Born-Infeld (DBI) action
Spgi for the D8-branes, i.e. the total action Spg is

SD8 = SDBI + Sinstanton- (210)

There must not be a mass term for the pions from Spg; at the leading order in large N. We
can easily see this from the fact that the pion is in a KK zero mode of a gauge field A, on
the D8-branes. In the DBI action, the gauge fields always appear as their field strengths.
Thus the pion 7(x) should be accompanied by four-dimensional derivatives, i.e. 9,7 (x),
and cannot have a mass term in the DBI action.

In this section, we focused on the quark (qr,qr) and the pion in the SU(NN.) sec-
tor. However, our D4’-branes realize another SU(N’) gauge theory with the techni-quarks
(QL,Qr) and so there is another pion in the SU(N’) sector. In total, the chiral sym-
metry is still spontaneously broken, one combination of the two pions is still a massless

— 11 -



Nambu-Goldstone boson. In order for the massless mode to be decoupled from the QCD
sector, we need to take a certain limit. The desired limit should be the following: the pion
decay constant® for this unnecessary pion is taken to be infinite by N’ — oo, as well as the
distance from D4-branes taken to be infinite while the pion mass we computed kept finite.
Concrete realization of this limit is not clear to us, because we can not explicitly compute
the coefficient of the instanton amplitudes.

Therefore, in the next section, we will consider another deformation of instead intro-
ducing D6-branes. This deformation still have the strategy in this section, while it needs
no complicated limit: the chiral symmetry is explicitly broken by the D6-branes.

3. Quark mass deformation by D6-branes and pion mass

In this section, we propose another way to introduce quark masses to the Sakai-Sugimoto
model. In the approach of this section, the evaluation of the quark and pion mass terms
is more tractable. First we explain the idea of introducing a probe D6-brane ending on
the D8 and the DS8-branes, instead of introducing the D4’-branes. Then, we compute
the worldsheet instanton explicitly to obtain the quark masses, pion mass and the chiral
condensate. Finally, we present a numerical evaluation of those values, for a tentative
comparison with experimental or lattice QCD’s results.

3.1 Configuration of the D6 ending on D8 and DS

As seen in the previous section we can introduce the quark mass term if we have a 1-cycle
in the brane configuration, because the worldsheet instantons are possible. Once we stand
on this point of view, it is obvious that we need not insist in using the D4’-branes. Instead,
we introduce N’/ D6-branes which are separated away from the D4-branes and end on the
D8-branes and the D8-branes. Each D6-brane can end on different D8- and DS8-branes.
The orientation of the additional probe D6-brane is shown in the table.5

011123 |4|5(|6|7]8]9
N. D4 ololo]o|o
NfDSD_S o|lo|o]o o|lo|o|olo
Ny D6 olo|lo|o|o o| o

This brane-ending-on-brane configuration is represented by a stable spike solution on the
D8-branes. This means that the D8-branes and the D8-branes are smoothly connected with
each other by the smooth spike (volcano-shaped) [[7], and thus there is no twist operator
insertion at the end points of the D6. We can obtain a worldsheet instanton whose shape

is almost the same as that of the case introducing the D4’-branes.”

5The pion decay constant is computed in [E]and it is proportional to v/ N’ for fixed "tHooft coupling.
Therefore, if one takes the limit N’ — oo, this realizes an effective decoupling of the pion.

5To have a stable configuration of the D6-brane, the D6-brane is curved when the D4-brane is replaced
by its geometry. In the appendix , we find a consistent curved shape of the D6-brane in the background,
by solving the equations of motion of the D6-brane effective action.

"This instanton is similar to the one considered in [@ where QCD instanton is studied. We thank

J. Sonnenschein for pointing this out.

— 12 —



Let us summarize our field theoretical understanding on the D6-branes with emphasis
on the differences from the D4’-brane case.

e The D6-brane can be treated as a probe (N' < N.), hence it does not modify the
background geometry. The D6-brane is a classical solution of the effective theory of
the flavor D8-branes (or the D8-branes), and it is a part of the probe flavor D-branes.
Thus, on the contrary to the previous section, the background geometry is still given
by just the N, D4-branes i.e. Witten’s geometry of a single center.

e The introduction of the D6-brane breaks the chiral symmetry, since the D6-branes
end on the D8 and D8-branes and thus connect the D8 and D8-branes. The breaking
is explicit, not spontaneous, since the D6-branes extend along (2%, 27) infinitely and
the fields localized on the D6-branes, which would be Nambu-Goldstone bosons, do
not have a finite kinetic term in the four dimensions.

e From the theory on the D8-branes, the D6-branes are interpreted as monopoles with
the charge (1,—1) under the chiral symmetry for a single flavor case U(1)z x U(1)xg.
Thus the source for the Dirac monopole explicitly breaks the axial symmetry. For D6-
branes not on top of each other, all the axial symmetry is broken, which corresponds
to the situation where quark masses are not coincident with each other.

e WE have essentially the same field theoretical understanding of how the effects of
the chiral symmetry breaking on the D6-brane sector are transmitted to the QCD
sector on the D4-branes. Here we have massive scalar fields (instead of massive gauge
bosons) from the open strings between the D4-branes and the D6-branes which, for
example, play the role of the mediators.

e We have an easy way to realize flavor-dependent quark masses by shifting the lo-
cation of each D6-brane independently. Another way (which can also apply for the
D4’-branes) is to shift the D8-brane from the anti-podal points, but the D8-brane
configuration away from the anti-podal point is known only numerically [Lg], which
makes the estimate more difficult.

3.2 Quark mass from worldsheet instanton

Let us first compute the quark mass term. At this stage we keep the D4-branes to be
probes, that is, the spacetime is still flat, because the quark mass term can be read in
QCD Lagrangian at weak coupling. (In the next subsection we replace them with a curved
geometry.) The mass generation mechanism by the worldsheet instantons is quite the same
as in the previous section, see figure f|. The throat on the right hand side of the figure is
now N’ spiky D6-branes ending on the D8-branes and the D8-branes. At the end points
of the D6-brane, there is no insertion of a vertex operator because the D6 and the D8 join
smoothly there. Resultantly, the worldsheet instanton amplitude should be given by

N/
'/;[—le_SNG /d4x JLaqR- (31)
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The derivation of the worldsheet instanton amplitude (B.1)) is based on a standard
formula which has been used extensively in computations of Yukawa couplings in D-brane
construction in string phenomenology [[[d]. The amplitude is suppressed by the exponential
factor whose exponent is the classical part of the Nambu-Goto action for the worldsheet
spanning the Euclidean area encircled by the D4-D8-D6-D8. The Nambu-Goto worldsheet
action Sxg in (B.J)) is just the area of the worldsheet times string tension in flat space, so we
have Sxg = (1/(27d’))Up(w/ Mgk ) = mMy /Mg where Uy is the length of an open string
stretching between the D4- and D6-branes and then My, is the mass of modes from the
open string. The factor N’ in (B.1]) comes in since the boundary of worldsheet instantons
can be on N’ different D6-branes. The front factor 1/g, is for a disk amplitude, and the 1/,
factor should be provided from the normalization of the quark vertex operator, to make a
sensible dimensionality of the amplitude. The dimensionless number N is a normalization
factor from the quark vertex operators, the quark kinetic terms and the fluctuations around
our semi-classical worldsheet.

Note that the expression (B.1]) is derived in completely flat background geometry,
as there is no technicolor D4’-brane (which modifies the background geometry as in the
derivation of (P-f)) but now we have the probe D6-branes instead.® For the technicolor
models in the previous section, one needs to go to the strongly coupled regime for the
technicolor sector, thus AdS/CFT is necessary for the computation of the technicolor sector,
that is a complication for deriving the coefficient ¢. Here, we work in the flat spacetime,
thus the computation of the worldsheet instanton, (B.1]), is much clearer. The formula (B.1)
is valid at small g as we are using string perturbation.

For the multi-flavor case, by shifting the position of each D6-brane respectively, we
can introduce quark masses depending on flavors. For each flavor labeled by i, we can
associate the location U = Uéi) of coincident N’ D6-branes (then the total number of the
D6-branes is N'Ny). Then obviously, the quark mass term is a sum of each instanton,

S [d'z (jg ) (mq)iqu ), with the following diagonal quark mass matrix

(i)
2m My exp [— My ] , (3.2)

Mmeg)i; = ./\/ N /52' i

( Q) J J g%'M MKK
where MV(IZ,) = Uoi) /(2ma/). The quark mass formula (B.J) is valid at small gyy and for
MW > MKK-

3.3 Pion mass, GOR relation and chiral condensate

Next, we study the low energy limit in the holographic dual by replacing the D4-branes
by their geometry (Witten’s geometry) and compute the pion mass term. Since there is
a nontrivial 1-cycle on the D8-brane, the worldsheet instanton gives us a pion mass term
(see figure []). The mechanism is completely analogous to the previous section. In the
following, we present explicit evaluation of the worldsheet instanton amplitude. We will
adopt some crude approximations for obtaining the results because a curved background
makes the explicit evaluation still difficult.

8Therefore, the coefficient ¢ in (E) is not related to (@)
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The worldsheet instanton amplitude is given as

1 1
Sinstanton = N/TW /\/— det g d*z e=5NG [Ptr exp [—z’j{Azdz] + c.c} , (3.3)
gS U S

where the trace is taken over the flavor indices. To obtain this expression, we made the
following approximations as we will explain step by step.

The classical worldsheet action Sng is evaluated in the same way computed in the
previous section, i.e., see (R.), so Sng = 7 My /Mkk.

Let us explain the front factor 1/(g(27)31%) in (B.3). First, we notice that the world-
sheet instanton is wrapping the minimal cycle whose zero mode is 4-dimensional. The
worldsheet instanton cannot move along the direction of the S*: the boundary should be
on the D6-brane whose closest point to the D4-branes is just a point on the S* (see ap-
pendix B for details). So the instanton amplitude should be proportional to a D3-brane
tension 7p3, not 7pg.? The D3-brane tension is given by the front factor 1/(g,(2m)312).

Note that the string coupling constant should be the effective coupling constant g
obtained by including the effect of the background dilaton, 1/gs = (1/gs) (R/UKK)3/4 (see
the classical solution (R.2) but remove the prime in the corresponding quantities). In getting
this expression we made a crude (but reasonable) approximation that the U-dependence
of the dilaton can be approximated by the value at U ~ Ugkyk. This is because the pion
wavefunction is localized around Ukyk so that most of the contribution for the integral over
U would come from the region U ~ Uk, even though the worldsheet itself is elongated in
the region Ukk < U < Up. Furthermore, the invariant volume y/det g in the (20, z!, 22, 23)
directions was inserted in (B.3) for consistency. Using the metric expression (R.9), the
four-volume is given as v/—det g = (Uxk/R)*.

We can calculate the instanton amplitude (B.J) using the relations between the gravity
and the gauge theory quantities, namely,

2 2 2
3 gymVels 2, 2 eV
=M =5 = N.Mxkxkl = 1 A4
R oM | Ukk gIvmNeMixls, s Ml (3.4)
then we arrive at
2N’ M,
Sinstanton = WQYMN§/2MI%K exp [— KVIE] /d4:17 (trU + trUT). (3.5)

This is the pion mass term generated by the worldsheet instanton in the curved background.
Again, we found an expression well-known in chiral perturbation theory. Substituting the
quark mass formula (B.2), this can be re-written as

1 _
Sinstanton = mgéMNfﬂMf&KN 1mq/d4az (trU +trUT). (3.6)

9Along the S* directions transverse to the worldsheet instanton configuration, the string fluctuation
follows Dirichlet boundary condition rather than Neumann. This effectively reduces the zero mode integral
of the vertex insertion at the boundary of the worldsheet instanton. The number of the transverse directions
is 4 in the worldvolume of the D8-branes. Taking into account the z direction along which the worldsheet
boundary is elongated, we need to introduce the factor 7ps in front of the worldsheet instanton amplitude,
rather than just 1/gs.
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Expanding U = exp[2in(z)/ fr] to the second order in the pion field 7(z), we obtain
the GOR relation

3/2
T T RRmN 2 ‘
The chiral condensate computed in our model is, therefore,
_ 2 _
(79) = —oo—= N Tgo N2 My (3.8)

= 39/2,3

This is the expression for the chiral condensate in the Sakai-Sugimoto model. '°

Note that, as we stated, we made crude approximations in evaluating the coordinate
dependence of the background dilaton and metric. But it is nontrivial that all the I
dependence disappears at the end, which may signal a consistency of the approximation.

3.4 Flavor-dependent quark masses and numerical results

In this subsection we consider the flavor dependent quark masses by placing the D6-branes
at different points. The worldsheet instanton ends in part on the D6-brane, and let us
consider the transverse scalar field ® on the D6-branes. The separation of the D6-branes
can be encoded in the worldsheet boundary interaction as a condensation of the transverse
scalar field ®. Because the D6-branes are made of the spike of the D8 and D8-branes,
this ® can be at the same time regarded as a transverse scalar field on the D8-D8-branes,
too. So, in total, together with the usual boundary interaction for the gauge fields on the
D8-branes, the boundary interaction is

Ptr exp [—z’ }[ Az — /b @dz] (3.9)

The integration region b is a period (in the worldsheet boundary) where the worldsheet ends
on the D6-branes.!! We can parametrize the scalar field as 27a/® = diag(Uél), 0(2), cen)
where Uéi) denotes the location of the N’ D6-branes'? for the i-th flavor. If we neglect the
dynamical fluctuation of the scalar field, then this is just a constant matrix.

The vertex insertion of the gauge field A,dz on the boundary of the worldsheet instan-
ton is located almost around U ~ Ukk (due to the localized distribution of the pion wave
function found in [f]]), that is far away from the region where the transverse scalar ® is
inserted (where the D6-brane is present). Therefore, the path-ordering in (B.9) is effectively

approximated by the following ordering

efpe -0 [a] pow i f ]| a0

10 An interesting feature of this chiral condensate is that, if N" = 1, it is independent of N, if it is written
with ’tHooft coupling A\ = g2\ N.. It sounds consistent with Coleman-Witten argument |. The N.
dependence of the chiral condensate found here is a little different from what was found in

1We don’t have the factor ¢ in front of the scalar field coupling, because the scalar field is associated
with the instanton which is Euclideanized, and we will see the consistency below.

12This is the location of the tip of the smeared D6-brane cone, see appendix E for the shape of the
D6-brane. The tip is given by 61 = 0.
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Note that the integral fb is performed only along the worldsheet boundary on the
D6-branes. This means

1) (2) 2

M M

exp [—Cb/dz} =exp [—(I)ML} =exp [—diag (W w 7w ,)] —gYiMmq. (3.11)
b KK

Mgk = Mgk 2 Mgk

In this manner, we realize a non-Abelian generalization of the worldsheet area (previously
written as Sng ~ mMy/Mkxk).'> Using this expression, we obtain the following term
induced by the worldsheet instanton:

1 _
Sinstanton = WQ%MNSQMI%KN 1 /d4$ tr {mq(U + UT)] . (3.12)

This form, tr[m,(U+UT)], is in fact what is usually expected in chiral perturbation theory.
In the two-flavor case, we have m, = diag(m,, mq), so

tr [mq(U + UT)} = 2(my, + mq) <1 - f%%ﬂa(azf + (’)(77(3:)4)> , (3.13)

where the component definition is m(x) = 7,(x)0,/2. So at this leading order estimate the
mass of 70 is equal to the mass of 7%, as in the usual chiral perturbation theory. Using the
expression [f for the pion decay constant f. = gymN:Mxk/(3v672), (B-12) gives a pion
mass term

2mgym Mk
3V3NN

m2 = 2(my, + mq)

(3.14)
The difference between my and w4+ can be seen in higher-order chiral Lagrangian in
chiral perturbation theory. In appendix [, we give a computation of two worldsheet in-
stantons, to get the higher-order terms.
Just for an illustration, we present a numerical evaluation of the relation (B.7).1* Sakai
came from the equation x = AN,/(21673) = 0.00745 with N. = 3. Then, with m, = 140
[MeV] as an input, the mass formula (B.14)), with ' =1 as an assumption, gives

and Sugimoto [fl] deduced numerical values as gym = 2.35, Mgk = 949 [MeV]. The first

my, +mg = 6.29 [MeV]. (3.15)

Experimental results shown in the particle data book are m, = 1.5 — 4.0 [MeV], my =
4 — 8 [MeV]. Surprisingly, our result is very close to the observed value of the up/down
quark mass.

!3In the new notation here of ), the classical part is Sng = 0. If instead one uses the minimal value
of ® as the common part of the action Sxg, then Sneg = WM‘(/;) /Mxx, and one should parameterize the
transverse scalar field as its deviation from U(l)7 as 2ma’® = diag(0, UéQ) - U(l)7 U(gg) — Uél)7 ...) to get the
correct non-Abelian expression for the worldsheet boundary interaction.

1 Readers are advised that the numerical values presented in this paragraph are just for illustration, and
should not be taken seriously, as we made a crude approximation in evaluating the worldsheet instanton
in the curved background, and we are working in the leading order in large N and large ’tHooft coupling
expansion.
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The chiral condensate (B.§) is numerically evaluated as
(qq) = (299 [MeV])?, (3.16)

which is in quite good agreement with values obtained in quenched/unquenched lattice
simulation, (gq) ~ (2.5 x 10% [MeV])3.

4. Application to the holographic QCD of flavor D6-branes

Our idea is based on a field theoretical picture inspired by extended technicolor theories.
The technicolor sector is coupled with the QCD sector via massive gauge-bosons of the
extended gauge group, and the condensation of the techni-quarks @) gives rise to a quark
mass term through the induced four-Fermi coupling. Therefore, this mechanism can be ap-
plied to other holographic models of QCD. In this section we demonstrate this by applying
our idea to the D4-D6 model of Kruczenski et al. [I4]. The model consists of N, D4-branes
giving rise to the curved geometry and N, flavor D6-branes which are introduced as probes.
In fact the model can describe massive quarks, as the D6-branes can be shifted away from
the D4-branes. We will see that our technicolor D4’-branes have the same effect: they shift
the D6-branes further and the quarks get extra masses because of this.

The D-brane configuration of the model in [[[4] consists of the D4 and D6-branes as in
the table:

011123456789
N. D4 |o|o|o
NfDG o|lo|o]|o olo]|o

The radial directions in (z°, 2%, 27) and in (2%, 2%) from the D4-branes are denoted as A

and r respectively, and the D6-brane configuration in the D4-brane geometry is solved in
their paper. The asymptotic behavior for A > A., (\. is some large value), is

(4.1)

T~ T T+ X)
where r, is the asymptotic distance between the D4- and the D6-branes which is related
to the bare quark mass m, as

Too
= = 4.2
mq 271_[37 ( )

and c is related to the value of condensate,'®

2 2773
_ G INZ M 2
(qq) ~ %C (UKK = §9‘%{MN0MKKZE (4.3)
KK
The mass of the pion, which is a pseudo Nambu-Goldstone boson associated with the
breaking of the rotation symmetry of the (2%, 2%)-plane, is also computed in their paper,

9 N quKK

mx 5 .
gYMN ¢

(4.4)

5 The unit Uxk = 1 is used in [@]
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We now introduce our technicolor N/ D4’-branes which are parallel to, but separated
from the N, D4-branes along A with r = 0 (so that U = \). Let’s say that the D4-branes
are sitting at A = 0 and the D4’-branes are at A = \g. We first treat the D4-branes
as probes and consider the effects from confining D4’ dynamics. Assuming the distance
Uy = ¢ between the D4 and D4’-branes is much larger than \., i.e. Uy > \., the value of
r at the position of the D4-brane A = 0 induced by the presence of D4’-brane would be

/

~ret = 45
7‘7’+UO (4.5)

where ¢’ denotes the contribution from the D4’-branes, i.e.

2 2773
gy Mgy

2
U2 ¢ (UI/(K = _Q%MN/MKK@) (4.6)
KK

(@) = -

For the probe D4-branes in their weak coupling regime (that is, before their gravity back-
ground is considered), this additional shift (.§) serves as its new asymptotic distance roo
from the D6 branes. It is shifted from the original r., by 5—; We then take the gravity
background for our D4-branes, and we have

c c

TNTOO+_+

- 4.
=t (4.7)

for A\ < A < Up.
Therefore we see that the quark mass in QCD sector on the D4-branes is shifted as

Ukk '\ Ukkreo 93 (QQ)
Mg~ 55 (Too T 77 | = 3 T 32
27Tls Uo 27Tls 81w MKKMW

(4.8)

where we have used the W-boson mass My, = Up/(2712) of the D4-D4’ string. The mass
of the pion in the QCD sector is read again

2 quKK

2 o . 4.9
g%’MNC (49)

In the above computation, we used the holographic dual description and used the fact
that the pseudo Nambu-Goldstone wavefunction in QCD sector is localized around A = 0.
On the other hand, we can also study the quark mass from a purely field theoretical point of
view without using the AdS/CFT, since introducing the D4’-branes has an interpretation
of introducing a techni gauge theory. The invariance under the rotation in the (z%,2°)-
plane is broken by the D4’-branes and the breaking effects are transmitted to the QCD
sector on the D4-branes by, for example, massive gauge bosons which come from the open
strings connecting the D4- and D4’-branes. In the field theory perturbation, we then have a
Feynman graph similar to figure ] and can compute the four-Fermi coupling. We obtain the
quark mass by replacing Q@ with its condensate (QQ) (this procedure is not really allowed
in perturbation theory). After a careful calculation, the resultant quark mass computed is
consistent with (f.§) up to a numerical factor.

A comment is in order. The D6-brane configuration is obtained by solving the equation
of motion computed from the DBI action for the D6-brane in the D4-brane geometry. This
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means that the pion mass terms are induced in the DBI action because of the D4’-branes,
on the contrary to the Sakai-Sugimoto model where the DBI action does not have a mass
term for the pion. This is understood from the string world sheets. The string world sheet
which corresponds to the graph in figure ] is not a worldsheet instanton, but just a disk
amplitude whose boundary is on the D6-branes. The minimal worldsheet area is vanishing.
If the boundary passes through the two throats created by the D4 and D4’-branes, this
disk worldsheet picks up the effects on the D4’-branes and communicate them into the
D4-branes. Since the DBI action is computed from this infinitely small disk worldsheet
(which is not a worldsheet instanton), the mass terms for the pion appear in the DBI action
in the present case.

5. Conclusions and discussions

In this paper, we propose the deformations of the Sakai-Sugimoto model to generate the
quark masses. Our considerations are motivated by extended technicolor theories where
we break chiral symmetry via introducing a technicolor sector. We systematically trace
the mass deformations in different descriptions, that is, weak coupling D-branes setting
and the corresponding holographic gravity description. In the field theory side, the chiral
condensate in the technicolor sector is mediated to the QCD sector, generating the quark
masses. Omne then expects the massive quarks will yield the massive pion. Moreover,
the pion and the quark masses are expected to obey the GOR relation from the chiral
Lagrangian consideration. To derive the GOR relation from first principles, we should
have a good control on the strong coupling dynamics of QCD. Relying on holographic
principle, our analysis verifies the GOR relation impressively. Furthermore, we find a good
numerical agreement of the chiral condensate with the experimental or lattice results.

In our construction, by introducing additional technicolor branes, a novel mechanism
of worldsheet instanton gives us a controlled contribution to the quark mass deformation.
In the strong coupling regime, the N, color branes are replaced by a curved geometry, and
the corresponding worldsheet instanton is now dressed by the Wilson line of the probe
D8-brane gauge field via worldsheet boundary interactions. This results in an additional
term in the D8-brane effective action corresponding to the mass deformation of the chiral
Lagrangian of the pions.

We realize our idea with different types of D-branes, the D4’- and D6-branes. The
former has a clear field theory interpretation in terms of a GUT-like extended technicolor
theory, while the latter case is more tractable in actual calculations. Moreover, it allows us
flavor-dependent quark mass terms. QCD 6 angle can also be introduced easily by turn-
ing on C}({z}){ in the background. Based on these brane settings, we have verified that the
deformations indeed correspond to the lowest mass perturbation in the chiral Lagrangian
of pions via a novel mechanism of worldsheet instantons. We also have the GOR relation
satisfied, and from this relation we have extracted the quark masses and the chiral con-
densate of the Sakai-Sugimoto model for the first time, which happens to be surprisingly
close to the lattice QCD estimate.
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We expect that the progress made in this paper can push the Sakai-Sugimoto model
towards a more realistic nonperturbative description of QCD. We hope it may inspire more
comparisons with the experimental or lattice QCD results. For example, we may expect
the worldsheet instanton will also affect other hadron spectrum and their dynamics simply
because both mesons and baryons are excitations of the quarks. As shown in [{], there is
a difficulty in fitting both the baryon and meson spectrum well at the same time in the
Sakai-Sugimoto model. It is then interesting to see if our mass deformation would help to
resolve the issue.

There are many issues in lattice QCD or nuclear physics which call for a reliable and
calculable QCD model with non-zero quark masses. For example, the mass shift of the
pions in a finite temperature or in quark-gluon plasma phase is of much interest. These
can be done only with the models with non-zero quark mass as the one we proposed.
The study of renormalization of the value of chiral condensate is also interesting. Also,
lattice computations have been done in quench approximation where quarks are heavy. It
is often stated that the Sakai-Sugimoto model corresponds to a quenched approximation.
However, it is different from the lattice quenching of heavy quarks, because in the original
Sakai-Sugimoto model quarks are massless. It is also hoped that our mass deformation will
help the holographic QCD to address some issues like nuclear potential in nuclear physics,
where the pion mass will play an important role in their dynamics.

Note added during proofs. While we are preparing our manuscript, there appeared
a paper [21] which has some overlap with ours in discussing the mass deformation by the
worldsheet instantons.
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A. Field-theoretical computation of the four-Fermi term

In this appendix, we compute the four-Fermi coupling constant in a field theory perturba-
tion, to illustrate the exponential factor in the worldsheet instanton amplitude (P-G).

The theory living on the D4-branes and the D4’-branes is 5 dimensional. The four-
Fermi coupling appears effectively after one integrates out the massive W-bosons. The
coupling between the W-boson and quarks (techni-quarks) is given by gauge couplings

8 [ ardta 6(r)a W Qu + 6(r — m/Mia)my, W Q. (A1)
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Note that the delta-functions are inserted in the coupling. The Ny D8-branes are located
at 7 = 0 while the Ny D8-branes are located at the anti-podal point, 7 = 7/Mgk. On
the D8-D4 intersection, the quark gy, lives, while on the D8-D4’ intersection, the quark Qp,
lives. As for the intersection with the D8-branes, gg and Qg live in the same manner. This
zero-mode condition for the quarks is represented by the delta-functions above.

The coupling (A.T]) is gauge invariant and also invariant under the chiral flavor symme-
try U(Ny¢)r x U(N¢)r. The coefficient g is the gauge coupling of the 5-dimensional Yang-
Mills theory on the D4-branes and the D4’-branes, and so it is related to the 4-dimensional
Yang-Mills coupling constant by a dimensional reduction, (2m/Mkk)(1/¢%) = 1/¢%y, that
is to say, a KK zero mode in the KK reduction along the direction 7 is the gluon in
4-dimensions.

To derive the effective four-Fermi coupling, we decompose the 5-dimensional nota-
tion (A1) into 4-dimensional fields, following the standard prescription given by [[§. We
just employ a KK expansion of all the fields and compute the expanded theory as if it were
a theory of infinite number of 4-dimensional fields. The KK expansion for the W-boson is

given with the periodic boundary condition as'6
Wy(z,7) = Z [sin(nTMKK)WlS") (x) 4 cos(nTMkk) Nﬁ")(x)} . (A.2)
n=0

From this expression, it is obvious that the mass of the n-th KK W-boson field W,S") and
W,S") is given by (m™)? = M2, +n?Mg2,.. When we substitute the expansion (£.3) to the
coupling ([A.T]), we obtain two couplings

g 4. = T (n g n 4 . A 17 (n

" comes from cos(mn) which indicates that this

In the latter coupling, the factor (—1)
coupling resides on the point 7 = 7/Mgxk.
Next, from these couplings, we integrate out the massive W-bosons. By Wick-

contracting the W field in the couplings ([A-J), we obtain a four-Fermi coupling,

Yy | M 1 Mxx & —1)"
_2/d4$/d4y/dp4 KK2 5 T+ KKZz (2 )2 2
(2) 2 p? + My, 0 p* + My, + n* Mgy

n=1
x e @) 5 ¢2G1 (2)qr(y)Qr(2)QL(y). (A.4)

We have used a Fierz identity. Note that the first factor Mk /(27) comes as a normalization
of the kinetic term of the zero mode in the KK expansion, [ dr 12 = 27/ Mk, while the
factor Mgk in the second term comes similarly as fozﬂ/ Mgy cos2(n7'MKK) = 7/ Mxkx.

In (A:9), let us assume a large My, so the momentum can be neglected, - =p’ < MV2V
Then we get the expression

M, 1 MyK ~— —1)” B
2 2I7<TK M3, * :K 2 M5V(+ ")QMI%K] /d4~”€ 9°q1(2)qr(v)Qr(x)QL(z). (A.5)

n=1

16We neglect the component p = 7 of the W-boson for simplicity. It is just equivalent to an adjoint scalar
field, with which the computations presented below will follow in the same manner.
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Using the formula

SIS "
n=1

n? 4 s2 252 2ssinh s’

The four-Fermi coefficient is evaluated as

1 1 B
_92MW sinh (7 My /Mkx) / d'z qr(x)qr(x)Qr(2)QL (). (A.7)

When the techni-quarks Q on the D4’-branes get condensed to form (Q;Qg), this four-
Fermi term generates a mass term for the quarks. In our approximation, the effectiveness
requires My > M. In this parameter region, the quark mass is obtained as'”

7*(QrQL) exp [_WMW} _ mgym(QrQL) exp [_WMW] .

T 2My Myk Myx Mw Myk

(A.8)

The exponential factor is important, it coincides with our worldsheet instanton calcula-
tion (.6).

However, note that the coefficient in front of the exponential factor in (JA.§) is not
necessarily coincident with the coefficient ¢ in (R.4). The calculation of ¢ is for a strongly
coupled technicolor sector with the use of the AdS/CFT for the sector, while here we
demonstrated only in the weak coupling region of the technicolor sector (and we secretly
replaced Q rQy, with its condensate, by hand). This condensation is expected to occur only
at the strong coupling region, so our calculation in this appendix is just for an illustration.

B. Curved shape of the probe D6-brane

In the flat spacetime background, the probe D6-brane is flat. But once we replace the N D4-
branes by its geometry, the worldvolume of the D6-brane is curved due to the force between
the D6-branes and the D4-branes, so that it is stable. Let us calculate this stable config-
uration. We introduce spherical coordinates for the directions transverse to the D4-brane,

2 =Ucosby, 2%=Usinbcosbs,... (B.1)

To avoid difficulties in computation, we make an approximation that the D6-brane
configuration is almost the same as that of the D6-brane not ending on the D8-brane but
wrapping the z? circle. We choose the following ansatz for the D6-brane worldvolume

parameterized by (o1, o, 201:234)

93:94:0, 92202, 9120'1, U:U(O'l) (B.Q)

which is maximally rotation-symmetric. ~The D6-brane effective action, which is a
7-dimensional DBI action in the Witten’s background spacetime, is given by

do,

2
S = TDG/daldagd%e_‘z’\/— detg = V/d01 U2 sin 91\/<ﬂ> + U2f(U), (B.3)

"In the evaluation we drop trivial overall numerical factors.
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where V. = R™3/2Tpg f d®’x. We can easily solve the equation of motion of this action
numerically, with the initial condition

U0, =0) = Uy, au =0. (B.4)
do1 |g,—o
Here Uy is a constant parameter. This Uy is the minimum distance between the D6-brane
and the D4-branes. Our numerical result shows a consistent configuration of a curved
D6-brane in the background. The worldvolume point 67 = 0 is the closest to the D4-branes.
It is the same as the flat configuration of the D6-brane in the flat background.

+

C. Two-instantons and 7% 7~ mass difference

The two instanton sector is described in the following way. The instanton number is just
the wrapping number of the boundary of the worldsheet on the non-trivial cycle on the
D8-brane. When it winds once, the instanton contribution is proportional to (B.1(). So,
the two instanton sector is given by

sz:tr [P exp [—¢/bdz} ‘Pexp [—z’j@{Azdz] ‘Pexp [—@/bdz] ‘P exp [—z’éAzdzH (C.1)

(2

Here, again we have followed the approximation that the integral regions of ® is separated
from the integral region of A,. Then, using (B.11) and looking at the front factor in the
one-instanton result (B.19), we obtain

1 o R
S2—instanton = WQ%MN3/2MI%KN 2. %/ d41tr {ququ—l-UquUqu] (02)

This expression is, again, consistent with chiral perturbation theory. We expand this
expression with U = exp[2in(z)/ fr], then we obtain terms quadratic in the pion fields as

tr [ququ + UquUqu}O( 2 = —%tr [mgm(z)mgm(z) + mim(z)?]
8 1 _
= (2 @)+ G+ (@) @))
where 7% = (71 +im2)/v/2 and 7° = 73. From this, the mass difference is obtained as

2 Q%M

T 3V3VNA?

Let us give a numerical estimate as an illustration. If we substitute N, = 3, gym = 2.35

(my, —mg)?. (C.3)

[z = ma|

and also the experiment values of the pion masses, m + = 139.6 [MeV], m o = 135.0 [MeV],
then with N' = 1, we obtain |m, — mg| ~ 21 [MeV]. This is larger than the experimental
values of the quark masses.

The origin of this discrepancy can be understood as follows. In a chiral perturbation
theory, there are other higher order terms, (tr[m,U])? and (tr[m,U'])%. Together with
these terms, the realistic pion mass difference is reproduced. In our holographic QCD
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approach, these double-trace operators appear at a sub-leading order in the large N

expansion and so does not appear in our leading-order estimates. It would be interesting to

compute these sub-leading corrections and see how the masses of K%* can be reproduced

from strange quark mass.
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